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Abstract
Kinematics and dynamics of a particle moving on a torus knot poses an interesting problem
as a constrained system. In the first part of the paper we have derived the modified symplectic
structure or Dirac brackets of the above model in Dirac’s Hamiltonian framework, both in
toroidal and Cartesian coordinate systems. This algebra has been used to study the dynamics,
in particular small fluctuations in motion around a specific torus. The spatial symmetries of
the system have also been studied.
In the second part of the paper we have considered the quantum theory of a charge moving
in a torus knot in the presence of a uniform magnetic field along the axis of the torus in
a semiclassical quantization framework. We exploit the Einstein - Brillouin - Keller (EBK)
scheme of quantization that is appropriate for multidimensional systems. Embedding of the
knot on a specific torus is inherently two dimensional that gives rise to two quantization
conditions. This shows that although the system, after imposing the knot condition reduces to
a one dimensional system, even then it has manifest non-planar features which shows up again
in the study of fractional angular momentum. Finally we compare the results obtained from
EBK (multi-dimensional) and Bohr-Sommerfeld (single dimensional) schemes. The energy
levels and fractional spin depend on the torus knot parameters that specifies its non-planar
features. Interestingly, we show that there can be non-planar corrections to the planar anyon-
like fractional spin.
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1 Introduction
Hamiltonian analysis of constraint systems, as formulated by [1], plays an important role in quanti-
zation of constraint systems. In this framework, for a special type of constraints, known as Second
Class constraints [1] one needs to replace the canonical Poisson brackets (or symplectic structure) by
a new form of brackets, known as Dirac brackets. Classical analysis with Dirac brackets generates
the dynamics that is consistent with the constraints. To quantize such a system the Dirac brackets
are elevated to quantum commutation relations with i~ factor. In general, the Dirac brackets can
be much more complicated that the Poisson brackets and there can appear many debatable issues
(such as operator ordering problems, inequivalent quantization, ...(see [2] for a specific example))
in a straightforward quantization program.
The Poisson brackets for a system are
{xi, pj} = δij, {xi, xj} = 0, {pi, pj} = 0. (1)
In general, depending on the constraints operating in a particular system, additional terms on
the RHS appear in Dirac brackets. It becomes specially interesting if the additional terms are
non-constant and xi, pi-dependent, for which the dynamics becomes qualitatively different.
In the present work we will study models where particles are allowed to move on a restricted
form of configuration space which in turn generates Dirac brackets having coordinate dependent
additional terms in the Dirac brackets. A prototype of this is the well studied motion of particle in
a circle and its quantization. In this paper, we will consider a next level of complication where a
particle follows the trajectory of a torus knot, that is, its path is a closed loop with a knot embedded
on a torus.
Quantum dynamics of a particle moving on a torus knot has been studied recently in [3]. As
a recent application in a very distinct area, we mention that in the context of cosmology, in [4]
particle motion on a torus (without the knot) has been considered.
Broadly the paper is divided into two parts. In the first part we deal with formal aspects of the
problem of particle moving on a torus as a constrained system. In the present paper we treat these
particle models as constrained systems and Dirac’s Hamiltonian analysis of constraint systems [1]
provides a unified framework for distinct types of restricted particle motion. Indeed the constraints
induce a non-canonical phase space structure that can be identified with the Dirac bracket algebra,
that was introduced by Dirac to replace the canonical Poisson bracket algebra. The effect of this
change in brackets is directly manifested in the dynamics and symmetry transformations that reveal
the kinematics. For the particle moving on a torus knot, the constraint analysis appears to be quite
involved with a unique feature of the respective Dirac brackets: there does not appear to be a
smooth limiting procedure to reduce the Dirac algebra to Poisson algebra. The probable reason for
this is the topological nature of the constraints involved. Indeed it will be very interesting if these
closed paths reveal the presence of non-trivial holonomies.
The semiclassical quantization of a charged particle on a torus knot in a magnetic field poses an
interesting problem. On the one hand, in toroidal coordinate the system is effectively one dimen-
sional which should require a single quantization condition. But, on the other hand, embedding the
knotted path on a torus is inherently three dimensional that reduces to a two degrees of freedom
problem for a fixed torus. We perform a semi-classical quantization along Einstein - Brillouin -
Keller (EBK) scheme that is appropriate for multidimensional systems.
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In three (space) dimensions particle excitations come with integer or half integer spin obeying
Bose or Fermi statistics, respectively. Anyon excitations with arbitrary fractional spin and subse-
quent fractional statistics, proposed by Wilczek [7], occur in non-relativistic planar physics. The
simplest fractional spin model in non-relativistic regime consists of a charge moving in a circle
around a solenoid with a magnetic field B perpendicular to the plane of motion. The question is
that is it possible to generalize this phenomenon in three space dimensions? In the present paper
we will study that. Indeed, non-planar effects can affect the properties of anyons in interesting and
non-trivial ways. The quantized energy levels and spin are modified by some terms, that explicitly
depend on non-planar parameters of motion. As an example we generalize the path of the charge
(from a planar circle as above) to a path in R3 in the form of a torus knot in the presence of a
uniform B along the axis of the toroidal path.
The paper is organized as follows: In Section 2, we describe the Hamiltonian constraint analysis
as formulated by Dirac [1]. Furthermore, we explain our problem of interest: particle on a torus
knot. Indeed, it consists of two subsections, the first one uses a toroidal coordinate system whereas
the second one uses Cartesian coordinate system. Apart from the dynamics we have studied the
symmetry properties and small fluctuations of the particle motion about the torus knot. In Section
3, we provide the semi-classical quantization of system of a charged particle on a torus knot in
presence of a magnetic field, following EBK quantization program. We conclude in Section 4, where
our conclusions as well as future prospects are mentioned.
2 Particle on a torus knot: classical aspects
We will formulate the problem both in toroidal and Cartesian coordinate systems since both has
specific utilities.
2.1 Toroidal coordinate system
The toroidal coordinate coordinate system appears to be the natural choice for the present analysis.
The toroidal coordinates are related to the usual cartesian coordinates as below [3]:
x1 =
a sinh η cosφ
cosh η − cos θ , x2 =
a sinh η sinφ
cosh η − cos θ , x3 =
a sin θ
cosh η − cos θ . (2)
The variables span 0 ≤ η ≤ ∞, − pi ≤ θ ≤ pi, 0 ≤ φ ≤ 2pi. Fixing η to eg. η0 (as will be
done later) indicates a specific toroidal surface and the parameter a and η0 are given by a
2 =
R2 − d2, coshη0 = R/d with R and d giving the major and minor radius of the torus respectively.
The inverse transformations are given by the expressions,
η = ln
d1
d2
, cos θ =
r2 − a2
((r2 − a2)2 + 4a2z2) 12
, φ = tan−1
x2
x1
, (3)
where
d21 = (
√
x21 + x
2
2 + a)
2 + x23 , d
2
2 = (
√
x21 + x
2
2 − a)2 + x23.
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The constraint that forces the particle to move in a knot is imposed as pθ + qφ ≈ 0 where p and
q are mutually prime numbers. But before proceeding further the torus knot needs to be defined
properly [5]. Mathematically a knot is a simple, closed, non-self-intersecting curve in R3. According
to Knot Theory, a torus knot is a specific kind of knot that can be embedded on the surface of an
un-knotted torus in R3. The (p, q)-torus knot winds p times around the rotational symmetry axis of
the torus and q times around a circle in the interior of the torus provided p, q are relatively prime.
A torus knot is trivial iff either p or q is equal to 1 or −1. Trefoil knot is the simplest nontrivial
example of a (2, 3)-torus knot. Operationally a (p, q)-torus knot can be obtained by identifying
θ → qθ˜ and φ → pθ˜ in the toroidal surface (2), so that θ˜ = θ/q = φ/p which is equivalent to the
constraint pθ − qφ = 0 indicating a full cycle consists of θ → θ + 2piq, φ→ φ+ 2pip. Note that this
parameterization is equivalent to the one used above but for a trivial change of sign.
For the time being we do not impose any constraint on η so that the motion considered here
is more general than [3]4. Later on we will fix η = η0 which actually will be another Hamiltonian
constraint that will further constrain the particle to perform the knot on a specific torus.
The constrained Lagrangian for the particle is,
L =
ma2(η˙2 + θ˙2 + sinh2 ηφ˙2)
2(cosh η − cos θ)2 − λ(pθ + qφ). (4)
The conjugate momenta are,
pη =
ma2η˙
(cosh η − cos θ)2 , pθ =
ma2θ˙
(cosh η − cos θ)2 , pφ =
ma2 sinh2 ηφ˙
(cosh η − cos θ)2 . (5)
The Hamiltonian is obtained as,
H =
(cosh η − cos θ)2
2ma2
[
p2η + p
2
θ +
p2φ
sinh2 η
]
+ λ(pθ + qφ). (6)
Once again the set of Second Class constraints read,
χ1 = pθ + qφ, χ˙1 ≡ χ2 = (cosh η − cos θ)
2
ma2
[
ppθ +
qpφ
sinh2 η
]
. (7)
As discussed in Appendix II, the Dirac brackets are computed in a straightforward way:
{η, pη} = 1, {θ, pθ} = α
2
α2 + sinh2 η
, {φ, pφ} = sinh
2 η
α2 + sinh2 η
{η, θ} = 0, {η, φ} = 0, {η, pθ} = 0, {η, pφ} = 0, {θ, φ} = 0, {θ, pη} = 0,
{θ, pφ} = α sinh
2 η
α2 + sinh2 η
, {φ, pη} = 0, {φ, pθ} = α
α2 + sinh2 η
,
{pη, pθ} = − 2α cosh η
sinh η(α2 + sinh2 η)
pφ, {pη, pφ} = − 2α
2 cosh η
sinh η(α2 + sinh2 η)
pφ,
{pθ, pφ} = 0, (8)
4We will briefly discuss the motivation later in this section when we study the η-fluctuations.
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where α = − q
p
following [3] so that θ − αφ = 0. The coordinate η behaves in a canonical fashion
whereas pη does not. The θ and φ sectors behave in a similar way since they are related (by a
scaling) by the constraint. Before proceeding further there are a few intriguing aspects of the Dirac
bracket structure that is to be noted:
(i) the parameter a is absent in the Dirac algebra that depends only on α.
(ii)interestingly there is no limiting value of α for which the Dirac algebra reduces to the canonical
one. From hindsight, we believe that this feature is probably connected to the topologically non-
trivial path (torus knot) followed by the particle. This is further manifested by our inability to
construct a Darboux like map that relates the noncanonical variables to a set of canonical variables.
Dynamics: On the constraint surface the Hamiltonian reduces to
H =
(cosh η − cosαφ)2
2ma2
[
p2η +
p2φ
sinh2 η
(1 +
α2
sinh2 η
)
]
(9)
The equation of motion for φ is given by,
φ¨ =
2(cosh η − cosαφ)3
m2a4 sinh η
[
1− cosh η(cosh η − cosαφ)
(α2 + sinh2 η)
]
pηpφ
+α sinαφ
(cosh η − cosαφ)3
m2a4 sinh4 η
p2φ − α sinαφ
(cosh η − cosαφ)3
m2a4(α2 + sinh2 η)
p2η. (10)
The equation of motion for η turns out to be
η¨ = sinh η
(cosh η − cosαφ)3
m2a4
p2η + 2α sinαφ
(cosh η − cosαφ)3
m2a4 sinh2 η
pηpφ
−(cosh η − cosαφ)
3(α2 + sinh2 η)
m2a4 sinh3 η
[
1− cosh η(cosh η − cosαφ)
α2 + sinh2 η
]
p2φ. (11)
Replacing the momenta to get the equation fully in configuration space,
φ¨ =
α sin(αφ)
(cosh η − cosαφ) φ˙
2 − α sin(αφ)
(cosh η − cosαφ)(α2 + sinh2 η) η˙
2
+
2 sinh η
(cosh η − cosαφ)
[
1− cosh η(cosh η − cosαφ)
(α2 + sinh2 η)
]
η˙φ˙, (12)
η¨ =
sinh η
(cosh η − cosαφ) η˙
2 +
2α sinαφ
(cosh η − cosαφ) η˙φ˙
−sinh η(α
2 + sinh2 η)
(cosh η − cosαφ)
[
1− cosh η(cosh η − cosαφ)
α2 + sinh2 η
]
φ˙2. (13)
For a quick check on the consistency of our approach let us impose the other constraint η−η0 ≈ 0
which forces the particle to perform it’s knotted motion on a fixed torus. The proper way is to start
from the beginning and introduce two constraints η− η0 ≈ 0, χ1 = θ− αφ ≈= 0. Demanding time
persistence of this set will induce pη ≈ 0 and χ2 respectively. Fortunately the sets η−η0 ≈ 0, pη ≈ 0
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and χ1, χ2 mutually commute such that the full 4× 4 constraint matrix appears in block diagonal
form and one construct Dirac Brackets successively using Dirac Brackets from the first set as the
starting bracket for the second set. Clearly the set η− η0 ≈ 0, pη ≈ 0 does not affect the remaining
variables and one is allowed to substitute η = η0 and pη = 0 strongly in the algebra. Thus we are
left with a system consisting of a single pair of phase space variables with the bracket,
{φ, pφ} = sinh
2 η0
α2 + sinh2 η0
, (14)
along with the Hamiltonian
H =
(cosh η0 − cosαφ)2
2ma2
1
sinh2 η0
(
1 +
α2
sinh2 η0
)
p2φ. (15)
The equation of motion for φ turns out to be
φ¨− α sin(αφ) φ˙
2
cosh η0 − cosαφ = 0, (16)
that has been used in [3] with the solution
tan(αφ) =
[
cosh η0 − 1
cosh η0 + 1
] 1
2
tan
(
Aα sinh η0
2a
t
)
, (17)
where A is a constant.
Notice that the R.H.S of the bracket in (14) has become a constant and so the quantization (as
has been done in [3]) can be carried through without any difficulty. Another interesting observation
is that
d
dt
[
√
fφ˙] = 0 (18)
where
f(φ) =
a2
(cosh η0 − cosαφ)2
and
φ˙ =
(cosh η0 − cosαφ)2
ma2 sinh2 η0
pφ.
This also agrees with [3].
η-perturbations: The η-fluctuations are considered in such a way that the relation between
angles φ and θ as a constraint is strictly maintained. This means that the torus knot structure of
the particle configuration space is deformed without changing the topology. Indeed, it is possible
that the particle on a torus can play the role of a toy model in the context of topology induced
modification in gauge theory vacuum state [6], anyonic spin statistics [7] among others. In these
cases the η-perturbations might be interpreted as some form of ”vibrational” excited states.
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Next we will study small perturbations of η about a constant and large value η0. The equations
(12) and (13), for large η, simplify to
η¨ = η˙2 + 2α
sinαφ
cosh η
η˙φ˙, (19)
φ¨ = α
sinαφ
cosh η
(φ˙2 − η˙
2
cosh2 η
). (20)
Let us consider small perturbations η¯. To first order we consider solutions of the form φ = φs + φ
and η = η0 + η where φs is the known solution (17) for constant η0. We assume a large value for η0
and keep only terms of O(η¯), O(φ¯). This approximation leads to the equation governing φ¯, η¯,
η¨ =
2α sin(αφs)η˙φ˙s
cosh η0
, (21)
φ¨ = −αA
2
a2
t sin
[
Aα sinh η0
2a
t
]
sinh η0 + 2α
A
a
sin
[
Aα sinh η0
2a
t
]
φ˙+ α2
A2
a2
cos
[
Aα sinh η0
2a
t
]
cosh η0 φ
(22)
where we have used the equation (17),
tan(αφs(t)) =
[
cosh η0 − 1
cosh η0 + 1
] 1
2
tan
(
Aα sinh η0
2a
t
)
and exploiting (18) we get
φ˙s =
A
a
(cosh η0 − cosαφs).
In the above A is a constant. Below we provide the φ¯ equation in large η0 limit,
φ¨ = −αA
2
a2
sin
[
Aα sinh η0
2a
t
]
sinh η0 t+ α
2A
2
a2
cos
[
Aα sinh η0
2a
t
]
cosh η0 φ, (23)
that we have not attempted to solve. On the other hand, it is straightforward to solve for η¯,
η(t) = t− 4a
αA
sin
[
Aα sinh η0t
2a
]
sinh η0 cosh η0
. (24)
The above indicates that the η-fluctuations will grow linearly with time with a high frequency
oscillating behavior impressed upon it.
Symmetry properties: Let us now analyze the rotation properties of the degrees of freedom.
For the unconstrained case the angular momentum in toroidal coordinates is expressed as
~j = −sin θ cosh η
sinh η
pφηˆ + cos θ pφθˆ + [sin θ cosh η pη − cos θ sinh η pθ]φˆ
= jηηˆ + jθθˆ + jφφˆ, (25)
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where the identities connecting Cartesian and toroidal unit vectors are used. Using the Dirac
brackets, the transformation of coordinates under rotation are obtained as
{~j, η} = − sin θ cosh η φˆ, {~j, θ} = cos θ sinh η φˆ, {~j, φ} = sin θ cosh η
sinh η
ηˆ − cos θ θˆ. (26)
On the other hand, from (25), for the constrained system, with η = η0, θ = αφ as strong equations
we find
~J = −sin(αφ) cosh η0
sinh η0
pφ ηˆ − α cos(αφ)
sinh η0
pφ θˆ + cos(αφ)pφ φˆ
= Jηηˆ + Jθθˆ + Jφφˆ, (27)
and using the Dirac brackets they satisfy the algebra
{Jη, Jθ} = −α cosh η0 sinh η0
α2 + sinh2 η0
pφ, {Jφ, Jη} = − α
2 cosh η0
α2 + sinh2 η0
pφ, {Jθ, Jφ} = 0. (28)
The coordinate transformation rule now changes to
{ ~J, φ} = cosh η0 sinh η0
(α2 + sinh2 η0)
sinαφ ηˆ − sinh
2 η0
(α2 + sinh2 η0)
cosαφ θˆ +
α sinh η0
(α2 + sinh2 η0)
cosαφ φˆ. (29)
It is interesting to note that although the constrained system has been reduced to a single variable
one ie. φ, due to the twisted nature of the particle orbit there are two non-trivial operators Jη, Jθ
(but Jφ and Jθ are not independent). For this reason { ~J, θ} is identical to (29) apart from a scaling
by α. Also note that though the angles θ, φ are related by the constraint ψ1 the unit vectors θˆ, φˆ
remain independent.
2.2 Cartesian coordinate system
To facilitate a comparison with the particle on a sphere case let us analyze the system in a Cartesian
framework where the constraint θ − αφ ≈ 0 becomes,
ψ1 = cos
−1
(
r2 − a2√
φ
)
− α tan−1 x2
x1
, (30)
with
φ = (r2 − a2)2 + 4a2x23 =
4a2(r2 − x23)
sinh2 η0
.
The Hamiltonian on the other hand has the simple form,
H =
pipi
2m
+ λψ1. (31)
Taking time derivative of ψ1 generates ψ2,
ψ2 =
−2ax3(2x.p) + 2a(r2 − a2)p3
φ
− α3lkxlpk
r2 − x23
. (32)
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This leads to the Dirac Brackets (see for example [8] for similar brackets),
{xi, xj} = 0, {xi, pj} = δij − AiAj
A2
= δij −NiNj,
{pi, pj} = − pk
A2
(
Ai
∂Aj
∂xk
− Aj ∂Ai
∂xk
)
=
1
A2
(Aj(p.∂)Ai − Ai(p.∂)Aj)
= Nj
(
p.
∂
∂x
)
Ni −Ni
(
p.
∂
∂x
)
Nj. (33)
where the unit normal Ni to the constraint surface ψ1 stands for Ni =
Ai
|A| ,
Ai =
[−4ax3xi + 2a(r2 − a2)δ3i
φ
− α3lixl
r2 − x23
]
= − 1
r2 − x23
[
sinh2 η0
2a
(
2x3xi − (r2 − a2)δ3i
)
+ α3lixl
]
(34)
with A2 = α
2+sinh2 η0
r2−x23 .
The Dirac algebra is expressed in terms of the unit normal to the ψ1-constraint surface Nˆi.
Comparing with our results (8) of this problem in toroidal coordinates we find that the results in
Cartesian coordinates depend both on a and α but in fact using the constraints (which depend on
a contrary to the toroidal coordinate case) a can be removed.
The equations of motion (on the constraint manifold) are
x˙i =
pi
m
, p˙i = −pkpj
m
∂Nj
∂xk
Ni (35)
leading to
x¨i = −pkpj
m2
∂Nj
∂xk
Ni. (36)
In explicit form it reads
x¨i =
 sinh2 η0a p2x3 + sinh2 η0a2(r2−x23)(r2 + a2)(p2x1 − x2p1)αp3x3
(r2 − x23)
+
2αx3p3(x1p2 − x2p1)
(r2 − x23)2
 Ni
m2A
. (37)
For the canonical structure of angular momentum Ji = ijkxjpk,
J˙i = − 1
m
ilkxlNk
(
∂Nr
∂xj
prpj
)
. (38)
The fact that J˙i is non-vanishing is not surprising since from (36) is no longer radial and infact
J˙i = (~r × ~¨x)i. However, the canonical form of angular momentum may not be very useful since it
induces non-canonical transformations on xi, pi
{Ji, xj} = ijlxl + ilkxlNkNj, (39)
{Ji, pj} = ijkpk + ilk [−NlNjpk + xl (Nj(p.∂)Nk −Nk(p.∂)Nj)] , (40)
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in such a way that even the norms r2 and p2 are not preserved under rotation. The Jis satisfy the
algebra,
{Ji, Jj} = (x.N)(Nipj −Njpi) + (x.N)[xi(p.∂)Nj − xj(p.∂)Ni]
−r2[Ni(p.∂)Nj −Nj(p.∂)Ni] + (xk(p.∂)Nk) (xjNi − xiNj). (41)
Generically in situations like this one tries to construct Darboux type of degrees of freedom that
transform canonically (at least approximately if not exactly) which we have postponed for a future
work.
It should be pointed out that the present analysis is not complete and a differential geometric
analysis, considering the particle on torus knot trajectory as a space curve, might be more appro-
priate. It is straightforward to construct a local orthogonal coordinate system known as triad (or
trihedral) consisting of the tangent, principal normal and bi-normal for the space curve. Subse-
quently, as the particle moves, the moving trihedral is described by a coupled set of differential
equations, known as Frenet-Serret relations. As a future work our aim is to generalize the above
system to a spinning particle on torus knot and the intrinsic spin vector can be expressed in the
trihedral and its interaction with external fields can be studied by exploiting the Frenet-Serret
relations.
3 Charged particle on a torus knot in external magnetic
field: Semi-classical aspects
In this section we will consider non-trivial effects of the restricted configuration space in particle
dynamics. Our approach will be semi-classical quantization to compute particle energy spectrum.
We will use a simpler coordinate system since we are focusing our attention on a particular torus
so that there are only two degrees of freedom θ and φ. The parametric equation for a torus is given
by,
x1 = (a sin θ + d) cosφ, x2 = (a sin θ + d) sinφ, x3 = a cos θ (42)
where θ and φ are in interval [0, 2pi] , d is the distance from the center of the tube to the center
of the torus axis and a is the radius of the tube (see Figures 1 and 2). The equation for a torus
symmetric about the x3-axis is given by
(
√
x21 + x
2
2 − d)2 + x23 = a2. (43)
Exploiting the identities,
x˙1
2 + x˙2
2 + x˙3
2 = a2θ˙2 + (a sin θ + d)2φ˙2, x1x˙2 − x2x˙1 = (a sin θ + d)2φ˙], (44)
the Lagrangian for a charge moving on a toroidal surface in a uniform B along x3 is given by,
L =
m
2
[a2θ˙2 + (a sin θ + d)2φ˙2]− eB
2
(a sin θ + d)2φ˙. (45)
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It should be noted that we have considered a magnetic field which, in technical terms, is referred as
solenoidal magnetic field. For a particle on a torus knot, two other forms of magnetic field, referred
to as toroidal (along angle φ in Figure 1) and poloidal (along angle θ in Figure 1) forms are also
relevant and should be included in a more general setup.
Figure 1: Toroidal surface with blue and red lines showing the directions of φ and θ respectively.
Figure 2: The parameters d and a for a toroidal surface are shown.
From (45), the conjugate momenta are,
pθ = ma
2θ˙ (46)
pφ = (mφ˙− eB
2
)(a sin θ + d)2 = c1, (47)
with c1 a constant since φ is a cyclic coordinate. The Hamiltonian takes the form,
H =
p2θ
2ma2
+
[pφ +
eB
2
(a sin θ + d)2]2
2m(a sin θ + d)2
. (48)
11
Figure 3: The (2, 3) trefoil torus knot.
The equations of motion for θ and φ are,
maθ¨ = (a sin θ + d)(mφ˙2 − eBφ˙) cos θ, (49)
(mφ˙− eB
2
)(a sin θ + d)2 = c1 (50)
or equivalently,
mφ˙ =
c1
(a sin θ + d)2
+
eB
2
. (51)
From the θ¨-equation a first integral is easily obtained,
θ˙2 = − c
2
1
m2a2(a sin θ + d)2
− e
2B2
4m2a2
(a sin θ + d)2 + c2 (52)
where c2 is another constant.
The semi-classical quantization is very closely related to the Hamilton-Jacobi formalism. The
idea is to look for a canonical transformation to a new set of variables - action (J) angle variables -
such that J is cyclic and conserved. The characteristic function W is a solution of the Hamiltonian-
Jacobi equation,
H(qi, ∂W/∂qi)− E = 0. (53)
The action variables are
Ji =
∮
pidqi =
∮
∂W
∂qi
dqi. (54)
The quantization conditions, imposed on Ji, the adiabetic invariants, for the conjugate pair qi, pi is
given by,
1
2pi
∮
pidqi = (ni +
µi
4
)~, (55)
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where where ni = 0, 1, 2, .. and µi is the Maslov index [9] (for applications see for example [10]).
It denotes the total phase loss during one period and contributes 1 or 2 unit depending on soft
(vanishing momentum) or hard (reflection) classical turning points respectively. In the present case
we will have two quantization conditions
1
2pi
∮
pφdφ = nφ~, (56)
1
2pi
∮
pθdθ = nθ~. (57)
Maslov index does not contribute since both θ and φ are rotational degrees of freedom (and not
librations). The first one, (56) is trivial and produces,
pφ = nφ~. (58)
However, the second cyclic integral (57) is non-trivial which we perform in a slightly unconventional
way, as explained in Appendix III. The reason is that, in case of toroidal coordinates as has been
used here, the integral is more complicated than the well known one in spherical polar coordinates.
In the Appendix III we have discussed the known case of spherical coordinate within our formalism
and have exploited the same technique for the toroidal case without any ambiguity.
The phase integral∮
pθdθ =
∮
ma2θ˙dθ
=
∮
ma2θ˙2dt
= ma2
∮ [
c2 − c
2
1
m2a2(a sin θ + d)2
− e
2B2
4m2a2
(a sin θ + d)2
]
dt
= ma2
∮ [
c2 − c1
m2a2
(mφ˙− eB
2
)− eB
2m2a2
(mφ˙(a sin θ + d)2 − c1)
]
dt
= ma2
∮ [
(c2 +
eBc1
m2a2
)− c1
ma2
φ˙− eB
2ma2
(a sin θ + d)2φ˙
]
dt (59)
is rewritten as,∮
pθdθ = ma
2(c2 +
eBc1
m2a2
)
∮
dt−
∮
pφdφ− eB
2
∮
(a sin θ + d)2dφ
= ma2(c2 +
eBc1
m2a2
)
l
v
− 2pipφ − eB
2
2pip(
a2
2
+ d2) (60)
using time period T = l
v
. In the above, we have imposed the knot condition θ = qθ and φ = pθ
and l =
∫ 2pi
0
√
q2a2 + p2(d+ a sin qθ)2dθ constitutes the arc length for the trajectory and v is the
velocity 5.
5We have used the (p, q)-torus knot parameterization x1 = (a sin(qθ)+d) cos(pθ), x2 = (a sin(qθ)+d) sin(pθ), x3 =
a cos(qθ), 0 ≤ θ ≤ 2pi
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From the definition of velocity in toroidal coordinates, it follows that the velocity is
v2 = a2θ˙2 + (a sin θ + d)2φ˙2 = a2c2 +
eBc1
m2
. (61)
Hence, the time period T =
∮
dt is given by
T =
l
v
=
∫ 2pi
0
√
q2a2 + p2(d+ a sin qθ)2dθ√
a2c2 +
eBc1
m2
(62)
The trajectory length l
l =
∫ 2pi
0
√
q2a2 + p2(d+ a sin qθ)2dθ
= pd
∫ 2pi
0
√
1 +
2a
d
sin qθ +
a2
d2
(
q2
p2
+ sin2 qθ)dθ. (63)
for d >> a, in a thin torus approximation, to order O(a
2
d2
), reduces to,
l ≈ 2pipd
(
1 +
a2q2
2p2d2
)
. (64)
Thus the quantization condition yields∮
pθdθ = ml
√
(a2c2 +
eBc1
m2
)− 2pipφ − eB
2
2pip(
a2
2
+ d2) = 2pinθ~. (65)
3.1 Discrete energy spectrum
Let us now focus on the semi-classical quantization problem. The Schrodinger or wave equation is
not separable in toroidal coordinate system. In the semi-classical scheme we exploit the Einstein -
Brillouin - Keller (EBK) [11] scheme of quantization appropriate for multidimensional systems (for
applications see for example [12]). Note that although the system, after imposing the knot condi-
tion essentially reduces to a one dimensional system, even then it has manifest three dimensional
features. Interestingly this again shows up later in Section 3.2 when we study the fractional angular
momentum. In multidimensional systems the periodic motion of the particle is restricted to a set
of invariant torus in phase space and EBK formalism imposes a quantization condition for a path
integral in phase space for each coordinate and its conjugate momentum.
In fact we have already provided the quantization conditions in (58,65). What remains is simply
to replace the constants c1, c2 using the relations (49,52) in (48), expression for the energy.
From the Hamiltonian (48) we can write,
∮
pθdθ =
∮ √
2mEa2 − p
2
φa
2
(a sin θ + d)2
− pφeBa2 − e
2B2a2
4
(a sin θ + d)2dθ, (66)
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and from (52) we find,
∮
pθdθ =
∮ √
m2a4c2 −
p2φa
2
(a sin θ + d)2
− e
2B2a2
4
(a sin θ + d)2dθ. (67)
Comparing the two relations above we see that
c2 =
2mE − pφeB
m2a2
. (68)
After some straightforward algebra we obtain the cherished energy spectrum, to order O(a
2
d2
),
En =
1
2m
[
n2~2
p2d2
(
1− a
2q2
p2d2
)
+
eB
p
n~
(
1 +
a2
2d2
− a
2q2
p2d2
)
+
e2B2d2
4
(
1 +
a2
d2
− a
2q2
p2d2
)]
, (69)
where n = nθ + nφ.
Effective one dimensional model: Once again it is possible to do a quick computation in
Bohr-Sommerfeld framework, treating the system as effectively one dimensional once the torus knot
condition is imposed. It will be interesting to compare the result with more elaborate computation
done earlier. The single variable Lagrangian of a charge, moving along a torus knot, in the presence
of B along the symmetry axis of the torus, is obtained from (45) as,
L =
m
2
[a2q2θ˙2 + (a sin[qθ] + d)2p2θ˙2]− eBp
2
(a sin[qθ] + d)2θ˙. (70)
The conjugate momentum and Hamiltonian are respectively given by,
pθ = m[a
2q2 + (a sin[qθ] + d)2p2]θ˙ − eBp
2
(a sin[qθ] + d)2, (71)
H = E =
[pθ +
eBp
2
(a sin[qθ] + d)2]2
2m[a2q2 + p2(a sin[qθ] + d)2]
. (72)
In the present case we find,
pθ =
∂W
∂θ
=
√
2mE[a2q2 + p2(a sin[qθ] + d)2]− eBp
2
(a sin[qθ] + d)2 (73)
For a = 0 the toroidal coordinate system (42,43) reduces to a circle of radius d on the x1−x2 plane.
We restrict ourselves to the thin torus limit, d >> a. Notice that the O(a/d) correction terms do
not contribute in the integral (55) and so we consider results up to the first non-trivial order that
is O(a/d)2. We find, to order of O(a2/d2),
pθ = pd
√
2mE
[
1 +
1
2
(
a2q2
d2p2
+
2a sin[qθ]
d
)]
− eBpd
2
2
[
1 +
a2 sin2[qθ]
d2
+
2a sin[qθ]
d
]
(74)
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To invoke the quantization condition (55) we need to fix the limits of integration of θ. Observe that
a = 0 will yield the correct expressions for a charge moving in a ring of radius d with B normal to
the plane of motion the limits of θ has to be θ = 0 to θ = 2pi. It should be pointed out that the
factor p appears since the charge makes p revolutions with radius d in the limit a = 0. For a circle
p is unimportant and is fixed to p = 1 but for the torus knot both p, q specifies the path and so
are kept arbitrary. The energy spectrum derived is identical to the earlier one (69) but indeed, now
with the single quantum number n. This indicates that particle in a torus knot has same type of
degeneracy in energy spectrum as the motion in a central force.
The energy levels for the particle on a circle with B = 0, are given by
En =
(n~)2
2md2
. (75)
This can be compared with the case of particle on a torus knot also with B = 0,
En =
(n~)2
2md2p2
[
1− q
2
p2
a2
d2
]
. (76)
Clearly the latter contains more structure due to the complicated nature of the path in the form of
a torus knot. The expressions match for a = 0 and p = 1.
3.2 Fractional angular momentum
To see the effect of the knot on the fractional angular momentum let us reexpress (71) as
pθ = m[a
2q2 + (a sin[qθ] + d)2p2]θ˙ − eBp
2
(a sin[qθ] + d)2
= L− eBp
2
(d2 + a2 sin2 qθ + 2ad sin[qθ]), (77)
where L stands for the kinetic angular momentum in absence of B. It needs to be mentioned that
L is not conserved since the path is no longer restricted to a plane. Integrating the B-dependent
term along the closed path yields∮ [
eBp
2
(d2 + a2 sin2[qθ] + 2ad sin[qθ])
]
dθ =
eBp
2
× 2pi
(
d2 +
a2
2
)
. (78)
Therefore, on imposition of the quantization condition∮
pθdθ = nh, (79)
we find that although the total angular momentum changes by discrete steps the absolute value is in
general non-integral due to the additional factor of eBp
2
2pi(d2 + a
2
2
). Once again this will match with
the circular path for a = 0, p = 1. Note that it explicitly depends on both the torus knot parameters
(d, a), specifying the geometry of the embedding torus, and (p, q), the parameters specifying the
knot. Surprisingly, the result, at least to O(a/d)2, is independent of q. Dependence of the fractional
spin on both the torus knot parameters q, p where q in particular signifies the non-planar feature of
the path justifies our claim that non-planar paths can affect the anyon properties [7, 13].
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4 Conclusion and future prospects
Let us summarize the work reported in this paper. Our main objective is to study the motion of a
particle on a torus knot in Hamiltonian framework. The system has a rich constraint structure and
Dirac’s theory of constraint dynamics is exploited to analyze the dynamics and kinematics in detail.
The system consists of Second Class constraints in Dirac terminology and computation of the Dirac
brackets yields a novel form of noncommutative (or non-canonical) algebra whose commutative limit
is subtle since it does not simply depend on (numerical) noncommutative parameters, as is the case
with other noncommutative algebra found in the literature.
We have constructed the particle motion in a generalized set up where the particle is constrained
to execute the knot but the motion is not restricted to any particular torus. This means that in the
conventional toroidal coordinate system, the coordinates θ and φ are identified via the constraint
(that imposes the knot in motion) but the coordinate η that fixes a specific torus is allowed to be
dynamical. This indicates that fluctuations of the particle trajectory are considered keeping the
non-trivial topology of the path (torus knot) intact. Later on we further restrict the motion by
constraining η to a fixed value.
In the context of kinematics we have studied the nature of the angular momentum operator and
have shown that an improved form of it is required for a consistent analysis of the problem. Lastly
we have analyzed the behavior of small fluctuations in the particle motion about the torus knot.
In the second part of the paper we have considered the quantum theory of a charge moving in a
torus knot in the presence of a uniform magnetic field along the axis of the torus in a semiclassical
quantization framework. We exploit the Einstein - Brillouin - Keller (EBK) scheme of quantization
that is appropriate for multidimensional systems. Note that although the system, after imposing
the knot condition essentially reduces to a one dimensional system, even then it has manifest three
dimensional features. Interestingly this again shows up later in the study of fractional angular
momentum. We show that the energy levels and fractional spin depend on the torus knot parameters
that specifies its non-planar features. Finally we compare the results obtained from EBK (multi-
dimensional) and Bohr-Sommerfeld (single dimensional) scheme.
Let us now elaborate on the possible extensions of the present work and open problems. Con-
cerning the formal constraint dynamics perspective, construction of Darboux-like canonical degrees
of freedom will be worthwhile as it will pave the way for quantization of the generalized system.
Also the path of the particle with the torus knot can lead to non-trivial homotopy features that
will be manifest in semi-classical quantization conditions.
In the generalization of the particle model interacting with the external magnetic field, it will
be interesting to attribute an intrinsic spin degree of freedom to the charged particle since then the
topological nature of the (torus) knotted path should become more manifest.
Another possible extension is to consider more general forms of interaction, (such as different
forms of magnetic field), so that the degeneracy in energy spectrum can belifted.
Finally notice that there is a fundamental distinction between our approaches: in the first part
of the paper we worked in Cartesian coordinates where the constraints on the particle motion were
manifest and subsequently the Poisson brackets were replaced by Dirac brackets. But in the second
part where we treated semi-classical quantization we exploited suitably reduced coordinate systems
where Dirac brackets were not necessary. Indeed it would be interesting if we can derive the semi-
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classical quantization results in Cartesian coordinate framework with non-canonical Dirac bracket
algebra. This is possible provided a generalization of the semi-classical quantization prescription
is adopted. In a recent work [14] this approach has been used to compute energy spectra that is
compatible to a different form of Dirac brackets.
Appendix I: In the terminology of Dirac constraint analysis [1], the noncommutating constraints
are termed as SCC and the commutating constraints, that induces local gauge invariance, are named
First Class Constraints (FCC). In a generic Second Class system with n SCCs χi, i = 1, 2, ..n, the
modified symplectic structure (or Dirac brackets) are defined in the following way,
{A,B}∗ = {A,B} − {A,χi}{χi, χj}−1{χj, B}, (80)
where {χi, χj} is the invertible constraint matrix. From now on we will use {, } notation instead of
{, }∗ for Dirac brackets.
In Cartesian coordinate system, the non-zero constraints matrix element reads
{ψ1(r), ψ2(p, r)} = {ψ1(r), p.A(r)} = ∂ψ1
∂xi
Ai = AiAi = A
2 (81)
where, Ai =
∂ψ1
∂xi
, A2 = 4a
2
φ
+ α
2
r2−x23 . Thus the inverse matrix element can be written as,
{ψ1(r), ψ2(p, r)}−1 = − 1
A2
(82)
The Dirac bracket can be computed in the following way,
{xi, pj}D.B. = δij − {xi, ψ2}{ψ2, ψ1}−1{ψ1, pj} = δij − {xi, p.A}{ψ2, ψ1}−1∂ψ1
∂xj
= δij − AiAj
A2
. (83)
Appendix II: In toroidal coordinate system, the non-zero constraints matrix element is
{χ1, χ2} = p
2 sinh2 η + q2
sinh2 η
.
Thus the inverse matrix element can be written as
{χ1, χ2}−1 = − sinh
2 η
p2 sinh2 η + q2
. (84)
The Dirac bracket
{φ, pφ}
can be computed in the following way,
{φ, pφ}D.B. = {φ, pφ} − {φ, χ2}{χ2, χ1}−1{χ1, pφ}
= 1− q
2
p2 sinh2 η + q2
=
sinh2 η
α2 + sinh2 η
(85)
where α = − q
p
.
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Appendix III: In spherical coordinates, the Lagrangian for a particle to move on a sphere of
radius a,
L =
m
2
(a2θ˙2 + a2 sin2 θφ˙2)− V (86)
gives rise to the Hamiltonian,
H =
1
2ma2
(p2θ +
p2φ
sin2 θ
) + V (87)
and from the equations of motion we recover the integrals of motion,
ma2 sin2 θφ˙ = pφ = c1, θ˙
2 = c2 − c
2
1
m2a4 sin2 θ
(88)
with c1, c2 being constants. Furthermore we find
p2θ +
p2φ
sin2 θ
= c2m
2a4. (89)
and the velocity
v2 = a2θ˙2 + a2 sin2 θφ˙2 = a2c2 → v = a√c2. (90)
To impose the θ-quantization condition we need to compute the following integral:
1
2pi
∮
pθdθ =
1
2pi
∮
ma2θ˙dθ =
1
2pi
∮
ma2θ˙2dt
=
1
2pi
∮
ma2[c2 − c
2
1
m2a4 sin2 θ
]dt
=
ma2c2
2pi
∮
dt− c1
2pi
∮
φ˙dt
=
ma2c2
2pi
2pia
a
√
c2
− c1
2pi
2pi
= L− Lz. (91)
In the last but one step we note that the time period
∮
dt = T = (2pia)/v = (2pia)/(a
√
c2) and to
match with the notation of Goldstein [15] we identify
pφ = c1 ≡ Lz, p2θ +
p2φ
sin2 θ
= c2m
2a4 ≡ L2,
which reproduces the correct result. Indeed it is possible to obtain this result directly by performing
the θ-integral [15] but in the toroidal coordinate that is of present interest the θ-integral turns out
to be more complicated and so we use the same technique in the toroidal case in the main text.
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